This work deals with the existence of triple positive pseudo-symmetric solutions for the one-dimensional p-Laplacian
Introduction
In this work, we consider the following four-point boundary value problem (BVP for short) with a p-Laplacian operator:
(φ p (u (t))) + q(t) f (t, u(t), u (t)) = 0, t ∈ (0, 1),
where φ p (s) = |s| p−2 · s, p > 1, (φ p ) −1 = φ q , 1 p + 1 q = 1, β > 0, δ ≥ 0, ξ, η ∈ (0, 1) is prescribed and ξ < η. Equations of the above form occur in the study of the n-dimensional equation, non-Newtonian fluid theory and the turbulent flow of a gas in a porous medium [8] . For when the nonlinear term f does not depend on the firstorder derivative, Eq. (1) has been studied extensively, and the existence and multiplicity results are available in the literature [1] [2] [3] [4] [5] . Recently, in [6] , Li and Shen considered the multiplicity for the BVP (g(u )) + a(t) f (u) = 0, 0 < t < 1,
or u (0) = 0, u(1) + B 1 (u (η)) = 0,
and by applying the five-functionals fixed point theorem, the authors proved that BVP (3) and (4) or (5) has at least three positive solutions. However, there are few papers dealing with the existence of triple positive solutions for when the nonlinear term f is involved in the first-order derivative explicitly. In [7] , Bai considered the multiplicity for Eq. (1) together with one of the following boundary conditions:
or
by means of the Avery-Peterson fixed point theorem.
On the other hand, the existence of positive pseudo-symmetric solutions was studied by some authors. Avery and Henderson [3] consider the existence of three positive pseudo-symmetric solutions for the following problem:
The definition of pseudo-symmetric was introduced in that paper. As we know, when the nonlinear term f is involved in the first-order derivative, difficulties arise immediately. In this work, we use a fixed point theorem due to Avery and Peterson to overcome the difficulties. To the best of the knowledge of the authors, no work has been done for BVP (1) and (2) by use of the Avery and Peterson fixed point theorem. The aim of this work is to fill the gap in the relevant literature.
Throughout, it is assumed that:
, and q(t) ≡ 0 on any subinterval of [0, 1].
Preliminary
For the convenience of the reader, we provide some background material from the theory of cones in Banach spaces.
Definition 2.1. For ξ ∈ (0, 1), a function u ∈ E is said to be pseudo-symmetric if u is symmetric over the interval
Definition 2.2. The map α is said to be a nonnegative continuous concave functional on a cone K of a real Banach space E provided that α : K → [0, ∞) is continuous and
for all x, y ∈ K and 0 ≤ t ≤ 1. Similarly, we say the map γ is a nonnegative continuous convex functional on a cone K of a real Banach space E provided that γ : K → [0, ∞) is continuous and
for all x, y ∈ K and 0 ≤ t ≤ 1.
Let γ and θ be nonnegative continuous convex functionals on K , α be a nonnegative continuous concave functional on K , and ψ be a nonnegative continuous functional on K . Then for positive real numbers a, b, c, and d, we define the following convex sets:
The following fixed point theorem due to Avery and Peterson is fundamental in the proofs of our main results.
Theorem 2.1 ([4]
). Let K be a cone in a Banach space E. Let γ and θ be nonnegative continuous convex functionals on K , α be a nonnegative continuous concave functional on K , and ψ be a nonnegative continuous functional on K satisfying ψ(λx) ≤ λψ(x) for 0 ≤ λ ≤ 1, such that for some positive numbers M and d,
is completely continuous and there exist positive numbers a, b, and c with a < b such that
Then T has at least three fixed points
, with α(x 2 ) < b, and ψ(x 3 ) < a.
Existence result
In this section, we impose growth condition on f which allow us to apply Theorem 2.1 to the boundary value problem (1) and (2). It follows from (H 2 ) that there exists a constant ω ∈ (0,
be endowed with the maximum norm,
Let the nonnegative continuous concave functional α, the nonnegative continuous convex functional θ, γ and the nonnegative continuous functional ψ be defined on the cone K by
for u ∈ K .
Proof. By the concavity of u, there is
On the other hand, taking into account that u is nonnegative, we have
Thus,
With Lemmas 3.1 and 3.2, for all u ∈ K , for the functionals defined above there hold the relations
Therefore, the condition (10) of Theorem 2.1 is satisfied.
Define an operator T :
Obviously, T u ∈ X , and we can prove that each fixed point of T is a solution of problem (1) and (2).
Lemma 3.3. T : K → K is completely continuous.
Proof. For any
So, T u is symmetric on [ξ, 1] with respect to 1+ξ 2 . Obviously, (T u)(t) ≥ 0, T u is concave on [0, 1], (T u)(0) − β(T u) (ξ ) = 0. Therefore, T : K → K . Furthermore, standard arguments yield that T is completely continuous.
1+ξ ), and suppose that f satisfies the following conditions:
Then the boundary value problem (1) and (2) has at least three positive pseudo-symmetric solutions u 1 , u 2 and u 3 such that
and max 0≤t≤1 |u 3 (t)| < a.
Proof. Problem (1) and (2) has a solution u = u(t) if and only if u solves the operator equation u = T u. Thus we set out to prove that T satisfies the Avery-Peterson fixed point theorem which will prove the existence of three fixed points of T which satisfy the conclusion of the theorem.
On the other hand, for u ∈ K , there is T u ∈ K ; then T u is concave on [0,1], and max 0≤t≤1 |(T u) (t)| = (T u) (0), so
To check condition (S 1 ) of Theorem 2.1, we choose u(t) =
Thus, by condition (A 2 ) of this theorem, we have f (t, u(t), u (t)) > φ p b ωN for ω ≤ t ≤ 1 − ω, and combining the conditions of α and K , we have
ω , d}. This shows that condition (S 1 ) of Theorem 2.1 is satisfied.
Secondly, with (14), we have
Thus, condition (S 2 ) of Theorem 2.1 is satisfied. Finally, we show that condition (S 3 ) of Theorem 2.1 also holds. Clearly, as ψ(0) = 0 < a, there holds 0 ∈ R(γ , ψ, a, d). Suppose that u ∈ R(γ , ψ, a, d) with ψ(u) = a.
Then, by the condition (A 3 ) of this theorem,
So, the condition (S 3 ) of Theorem 2.1 is satisfied. Therefore, an application of Theorem 2.1 implies that the boundary value problem (1) and (2) has at least three positive pseudo-symmetric solutions u 1 , u 2 and u 3 such that
The proof is complete.
Example 3.1. Consider the boundary value problem
where We notice that p = 3, q = 
